Received: February 19, 2001, Accepted: April 4, 2001 Revised: April 4, 2001

HYPER VERSION

Dipole formalism with heavy fermions

Lukas Phaf

NIKHEF Theory Group Kruislaan 409, 1098 SJ Amsterdam, The Netherlands E-mail: lphaf@nikhef.nl

Stefan Weinzierl

Dipartimento di Fisica, Università di Parma INFN Gruppo Collegato di Parma, 43100 Parma, Italy E-mail: stefanw@fis.unipr.it

Abstract: We extend the dipole formalism of Catani and Seymour to QCD processes involving heavy fermions. We give the appropriate subtraction terms together with their integrated counterpart. All calculations are done within dimensional regularization. Our formulae can be used with three variants of dimensional regularization (conventional dimensional regularization, the ’t Hooft-Veltman scheme or the four-dimensional scheme).

Keywords: QCD, NLO Computations, Jets.

Contents

1. Introduction 1

2. The dipole formalism and factorization in singular limits 3

3. Calculational technique for the integration 6

4. The dipole phase space measure in D dimensions 7 4.1 Phase space measure with no initial-state particles 8 4.2 Phase space involving initial state particles 10

5. The dipole terms for final-state singularities with no initial-state partons 11 5.1 Massless final emitter, massive final spectator 11 5.2 Massive final emitter, massless final spectator 14 5.3 Massive final emitter and massive final spectator of equal mass 15

6. The dipole terms with initial-state partons 17 6.1 Massless initial emitter, massive final spectator 17 6.2 Massive final emitter, massless initial spectator 21

7. Conclusions 22

1. Introduction

Studies of hard-scattering processes in QCD with heavy particles are important at present or future colliders. Reliable theoretical prediction require at least the evaluation of next-to-leading order (NLO) QCD corrections. Next-to-leading order calculations have to combine virtual one-loop corrections with the real emission contributions from unresolved partons. Treated separately, each of the two parts gives an infrared divergent contribution. Only the sum of the virtual corrections and the real emission contributions is infrared finite. Setting up a numerical general-purpose NLO Monte-Carlo program requires therefore the analytical cancellation of infrared singularities before any numerical integration can be done. The two main methods to handle this task are phase space slicing [1]–[3] and the subtraction method [4, 5]. For massless partons both methods are available and have been applied to a variety of specific processes, see for example ref. [6]–[10] and the references therein. For electron-positron annihilation a general formulation of phase space slicing has been given by Giele and Glover [11]. It has been extended to initial-state partons by these authors and Kosower [12]. The extension of phase space slicing to massive partons and identified hadrons has been given by Laenen and Keller [13].

There are two general formulations of the subtraction method. One is the residue approach by Frixione, Kunzst and Signer [14] and the other the dipole formalism by Catani and Seymour [15], both variants can handle massless partons in the final and/or initial state. The subtraction method has already been applied to some specific processes with massive partons [16]–[19]. Up to now there is no extension of the dipole formalism to massive partons. Dittmaier has considered the dipole formalism for photon radiation from fermions [20]. In that work infrared divergences are regularized with small masses (as it is popular in electroweak physics). However this does not allow a simple application to QCD, where divergences are usually regularized by dimensional regularization.

In this paper we extend the dipole formalism to heavy fermions. The formulae we provide are relevant to top, bottom and charm production. With a simple change of the colour factors they can be used as well for gluino production in SUSY QCD. Our results are not applicable for processes with identified hadrons in the final state, massive initial-state partons and processes with different species of massive fermions of unequal masses.

One-loop amplitudes may be calculated in different variants of dimensional regularization, such as conventional dimensional regularization (CDR), the ’t Hooft — Veltman scheme (HV) or the four-dimensional scheme (FD), whereas the Born amplitudes entering the real emission part and/or parton densities are given in another variant. Of course, the final result has to be scheme-independent. The obvious way to ensure this is to calculate everything in the same scheme. Often this is not the most economical solution. Loop amplitudes are most easily computed in the FD scheme, whereas parton densities are given in the conventional scheme. Within the dipole formalism it is possible to perform different parts of the calculation with different variants of dimensional regularization and to correct for the mismatch by some universal terms [21]. We would like to keep this freedom also in the extension to massive partons. We therefore keep track of all scheme-dependent terms and our final results can be used with any variant of dimensional regularization (CDR, HV or FD).

Recently, Catani, Dittmaier and Trocsanyi considered the singular behaviour of one-loop QCD and supersymmetric QCD amplitudes with massive partons in the dipole framework [22]. As a byproduct, we confirm their results for the singular terms.

This paper is organized as follows. In the next section we review the dipole formalism and the factorization of QCD amplitudes in the soft and collinear limit. In section 3 we outline our calculational technique. In section 4 we derive the Ddimensional dipole phase space measure. Section 5 gives the dipole terms together with the integrated counterpart if all particles are in the final state. In section 6 we consider the case if there are QCD partons in the initial state. Finally, section 7 contains our conclusions.

2. The dipole formalism and factorization in singular limits

In this section we briefly review the dipole formalism and the factorization properties of QCD amplitudes in the soft and collinear limit. We use the notation of Catani and Seymour [15].

The dipole formalism is based on the subtraction method. We explain it for electron-positron annihilation, where all QCD partons are in the final state. The NLO cross section is rewritten as

σ^{NLO} = ∫ n+1 dσ^R + ∫ n dσ^V = ∫ n+1 ( dσ^R − dσ^A ) + ∫ n ( dσ^V + ∫ 1 dσ^A ) . (2.1)

In the second line an approximation term dσ^A has been added and subtracted. The approximation dσ^A has to fulfill the following requirements:

• dσ^A must be a proper approximation of dσ^R such as to have the same pointwise singular behaviour (in D dimensions) as dσ^R itself. Thus, dσ^A acts as a local counterterm for dσ^R and one can safely perform the limit ε → 0. This defines a cross-section contribution

σ^{NLO}_{{n+1}} = ∫ n+1 ( dσ^R | |_{ε=0} − dσ^A | |_{ε=0}) . (2.2)

• Analytic integrability (in D dimensions) over the one-parton subspace leading to soft and collinear divergences. This gives the contribution

σ^{NLO}_{{n}} = ∫ n ( dσ^V + ∫ 1 dσ^A ) ε=0 . (2.3)

The final structure of an NLO calculation is then

σ^{NLO} = σ^{NLO}_{{n+1}} + σ^{NLO}_{{n}} . (2.4)

Since both contributions on the r.h.s. of eq. (2.4) are now finite, they can be evaluated with numerical methods. The (n + 1) matrix element is approximated by a sum of dipole terms ∑ pairs i,j ∑ k≠i,j D_{ij,k} = (2.5) = ∑ pairs i,j ∑ k≠i,j − 1 2p_i · p_j ⟨1, . . . , ~(ij), . . . , k̃, . . . | T_k · T_{ij} T^2_{ij} V_{ij,k}|1, . . . , ~(ij), . . . , k̃, . . .⟩, where the emitter parton is denoted by ĩj and the spectator by k̃. Here T_i denotes the colour charge operator [15] for parton i and V_{ij,k} is a matrix in the helicity space of the emitter with the correct soft and collinear behaviour. |1, . . . , ~(ij), . . . , k̃, . . .⟩ is a vector in colour- and helicity space. By subtracting from the real emission part the fake contribution we obtain dσ^R − dσ^A = dϕ_{n+1} [ |M(p_1, . . . , p_{n+1})|^2θ^{cut}_{n+1}(p_1, . . . , p_{n+1}) − (2.6) − ∑ pairs i,j ∑ k≠i,j D_{ij,k}(p_1, . . . , p_{n+1})θ^{cut}_n (p_1, . . . , p̃_{ij}, . . . , p̃_k, . . . , p_{n+1}) ] . Both dσ^R and dσ^A are integrated over the same (n + 1) parton phase space, but it should be noted that dσ^R is proportional to θ^{cut}_{n+1}, whereas dσ^A is proportional to θ^{cut}_n . Here θ^{cut}_n denotes the jet-defining function for n-partons.

The subtraction term can be integrated over the one-parton phase space to yield the term I ⊗ dσ^B = ∫ 1 dσ^A = ∑ pairs i,j ∑ k≠i,j ∫ dϕ_{dipole}D_{ij,k} . (2.7)

The universal factor I still contains colour correlations, but does not depend on the unresolved parton j. The term I ⊗ dσ^B lives on the phase space of the n-parton configuration and has the appropriate singularity structure to cancel the infrared divergences coming from the one-loop amplitude. Therefore dσ^V + I ⊗ dσ^B (2.8) is infrared finite and can easily be integrated by Monte Carlo methods.

In order to extend the dipole formalism to massive fermions, we have to provide three ingredients. First, we need the correct subtraction terms for the real emission contribution. Second, we have to integrate these subtraction terms over the dipole phase space. The integrated terms are combined with the virtual corrections. Third, we have to specify a mapping of the momenta, which relates the (n + 1)- parton configuration p_1,. . . ,p_i,. . . ,p_j ,. . . p_k,. . . p_{n+1} to the n-parton configuration p_1, . . . , p̃_{ij} ,. . . ,p̃_k,. . . ,p_{n+1}.

In order to find appropriate dipole terms, one considers the soft and collinear limits of the matrix element. In the soft limit where the momentum of parton j becomes soft, the m + 1-parton matrix element behaves as ⟨1, . . . , m + 1|1, . . . , m + 1⟩ = −4πμ^{2ε}α_s⟨1, . . . , m|J^{μ†}J_μ|1, . . . , m⟩ , (2.9) with J^{μ†}J_μ|1, . . . , m⟩ = ( 2 ∑ i≠k 2p_ip_k (2p_ip_j)(2p_jp_k)

T_i · T_k + ∑ i 4m^2_i (2p_ip_j)^2

T_i · T_i ) |1, . . . , m⟩

= 4 ∑ i≠k ( 2p_ip_k (2p_ip_j)(2p_ip_j +2p_jp_k) − m^2_i (2p_ip_j)^2 ) T_i · T_k|1, . . . , m⟩ .(2.10)

We used 2p_ip_k (2p_ip_j)(2p_jp_k) = 2p_ip_k (2p_ip_j)(2p_ip_j + 2p_jp_k) + 2p_ip_k (2p_jp_k)(2p_ip_j + 2p_jp_k)

(2.11)

and colour conservation ∑ i T_i|1, . . . , m⟩ = 0 . (2.12)

The colour charge operators T_i for a quark, gluon and antiquark in the final state are quark : ⟨. . . q_i . . . |T^a_{ij} | . . . q_j . . .⟩ , gluon : ⟨. . . g^c . . . |if^{cab}| . . . g^b . . .⟩ , antiquark : ⟨. . . q̄_i . . . | ( −T^a_{ji} ) | . . . q̄_j . . .⟩ . (2.13) If the particles are massless, there is also a singularity in the collinear limit. For final-state partons the momenta are parameterized as

p_i = ẑp + k_⊥ − k^2_⊥ ẑ n 2pn , p_j = (1 − ẑ)p − k_⊥ − k^2_⊥ 1 − ẑ n 2pn . (2.14)

Here n is a massless four-vector and the transverse component k_⊥ satisfies 2pk_⊥ = 2nk_⊥ = 0. The collinear limits occurs for k^2_⊥ → 0. In this limit the matrix element behaves as ⟨1, . . . , m + 1|1, . . . , m + 1⟩ = 4πμ^{2ε}α_s⟨1, . . . , m| 2 2p_ip_j P̂_{(ij),i}(ẑ, k_⊥, ε)|1, . . . , m⟩ . (2.15) The splitting function are given by ⟨s|P̂_{qq}(z, k_⊥, ε)|s^′⟩ = δ_{ss}′ C_F [ 2z 1 − z + (1 − ρε)(1 − z) ] , ⟨s|P̂_{qg}(z, k_⊥, ε)|s^′⟩ = δ_{ss}′ C_F [ 2(1 − z) z + (1 − ρε)z ] , ⟨μ|P̂_{gq}(z, k_⊥, ε)|ν⟩ = T_R [ −g^{μν} + 4z(1 − z) k^μ_⊥k^ν_⊥ k^2_⊥ ] , (2.16) ⟨μ|P̂_{gg}(z, k_⊥, ε)|ν⟩ = 2C_A [ −g^{μν} ( z 1 − z + 1 − z z ) − 2(1 − ρε)z(1 − z) k^μ_⊥k^ν_⊥ k^2_⊥ ] . We introduced the parameter ρ, which specifies the variant of dimensional regularization: ρ = 1 for the CDR/HV schemes and ρ = 0 for the FD scheme. Later on we will chose the dipole terms to have the same soft and collinear behaviour as the appropriate limit of the (n + 1)-parton matrix element.

If the emitting particle is in the initial state the collinear limit is defined as p_a = p , p_i = (1 − x)p + k_⊥ − k^2_⊥ 1 − x n 2pn , p_{ai} = xp − k_⊥ + k^2_⊥ 1 − x n 2pn . (2.17)

The colour charge operators for a quark, gluon and antiquark in the initial state are quark : ⟨. . . q̄_i . . . | ( −T^a_{ji} ) | . . . q̄_j . . .⟩ , gluon : ⟨. . . g^c . . . |if^{cab}| . . . g^b . . .⟩ , antiquark : ⟨. . . q_i . . . |T^a_{ij}| . . . q_j . . .⟩ . (2.18) We denoted in the amplitude an incoming quark as an outgoing antiquark and vice versa.

3. Calculational technique for the integration

The integration of the dipole terms over the dipole phase space is highly non-trivial. We first find a suitable parameterization of the phase space such that all integrals are of one of the following types: ∫_1 0 dxx^{a−1}(1 − x)^{c−a−1} = Γ(a)Γ(c − a) Γ(c) , ∫_1 0 dxx^{a−1}(1 − x)^{c−a−1}(1 − x_0x)^{−b} = Γ(a)Γ(c − a) Γ(c)^2

F_1(a, b; c, x_0) , (3.1) ∫_1 0 dxx^{a−1}(1 −x)^{c−a−1}(1 −x_1x)^{−b1} (1 −x_2x)^{−b2} = Γ(a)Γ(c − a) Γ(c)

F_1(a, b_1, b_2; c; x_1, x_2) .

These integrals yield the Euler-Beta function, the hypergeometric function and the first Appell function, respectively. The last two are then rewritten as a Taylor series in x_0 or x_1 and x_2, respectively.

2F_1(a, b; c, x_0) = ∞∑ n=0 (a)_n(b)_n (c)_n x^n_0 n! ,

F_1(a, b_1, b_2; c; x_1, x_2) = ∞∑ m_1=0 ∞∑ m_2=0

(a)_{m1+m2} (b_1)_{m1} (b_2)_{m2} (c)_{m1+m2} x^{m1}_1 m_1!

x^{m2}_2 m_2!

. (3.2)

Here (a)_n = Γ(a + n)/Γ(a) denotes the Pochhammer symbol. Taylor expansion allows us to perform the next integral, which is of the same type as above. After all integrals have been performed, we end up with multiple sums involving Γ-functions depending on ε = (4 − D)/2. These Γ-functions are then expanded according to Γ(n + ε) Γ(n)Γ(ε) = ε ( 1 + εZ_1(n − 1) + ε^2Z_{11}(n − 1) + ε^3Z_{111}(n − 1) + · · · · · · + ε^{n−1}Z_{11...1}(n − 1) ) , (3.3)

where Z_{11...1}(n) are Euler-Zagier sums defined by Z_{m1,...,mk} (n) = n∑ i_1>i_2>···>i_k>0 1 i^{m1}_1 1 i^{m2}_2 · · · 1 i^{mk}_k . (3.4)

Rearranging summation indices we recognize that all sums fall in the class of Goncharov’s multiple polylogarithms [23, 24] Li_{mk,...,m2,m1} (x_k, . . . , x_2, x_1) = ∞∑ i_1>i_2>···>i_k>0 x^{i1}_1 i^{m1}_1 x^{i2}_2 i^{m2}_2 · · · x^{ik}_k i^{mk}_k . (3.5)

In the case with only one massive parton it is actually sufficient to restrict oneself to harmonic polylogarithms [25, 26], defined by H_{m1,m2...,mk} (x) = ∞∑ i_1>i_2>···>i_k >0 x^{i1} i^{m1}_1 1 i^{m2}_2 · · · 1 i^{mk}_k . (3.6)

The additional dipole corresponding to gluon emission from a massive quark-anti-quark system can be expressed in terms of two-dimensional harmonic polylogarithms [27].

4. The dipole phase space measure in D dimensions

In this section we derive the appropriate phase space measure for the dipoles with massive particles. Since singularities are regulated by dimensional regularization, this has to be done in D dimensions. The phase space measure for n particles in D dimensions is given by [28] dϕ_n(P → p_1, . . . , p_n) = (2π)^Dδ^D ( P − n∑ i=1 p_i )_n ∏ i=1 d^Dp_i (2π)^{D−1} θ(p^0_i )δ(p^2_i − m^2_i )

= (2π)^Dδ^D ( P − n∑ i=1 p_i )_n ∏ i=1 d^{D−1}p_i (2π)^{D−1}2E_i

(4.1)

with E_i = √ (⃗p_i)^2 + m^2_i . (4.2) The phase space measure factorizes according to dϕ_n(P → p_1, . . . , p_n) = 1 2π dϕ_{n−j+1}(P → Q, p_{j+1}, . . . , p_n)dQ^2dϕ_j(Q → p_1, . . . , p_j ) . (4.3)

4.1 Phase space measure with no initial-state particles We first evaluate the two particle phase space ∫ dϕ_2(P → p̃_{ij}, p̃_k) = ∫ d^{D−1}p̃_{ij} (2π)^{D−1}2E_{ij} d^{D−1}p̃_k (2π)^{D−1}2E_k

(2π)^Dδ^D(P − p̃_{ij} − p̃_k) (4.4)

in the rest frame of P , e.g. P = ( √ P^2,⃗0). We obtain ∫ dϕ_2(P → p̃_{ij}, p̃_k) = (2π)^{2−D} ( 1 2 )_{D−1} ( P^2 )_{1−D/2} × × (√ ( P^2 − m^2_{ij} − m^2_k

)_2

− 4m^2_{ij} m^2_k )_{D−3} ∫ dΩ_{D−1} , (4.5)

where Ω_{D−1} parameterizes the solid angle of the (D − 1) spatial components of p̃_k in (D − 1) (spatial) dimensions. With this convention we have ∫ dΩ_D = 2π^{D/2} Γ (D/2)

. (4.6)

We then evaluate the three particle phase space ∫ dϕ_3(P → p_i, p_j, p_k) = ∫ d^{D−1}p_i (2π)^{D−1}2E_i d^{D−1}p_j (2π)^{D−1}2E_j d^{D−1}p_k (2π)^{D−1}2E_k × × (2π)^Dδ^D(P − p_i − p_j − p_k) (4.7) in the rest frame of P , e.g. P = ( √ P^2,⃗0). We shall orient our frame such that the solid angle of the spatial components of p_k coincides with the solid angle of the spatial components of p̃_k in (4.4). It will be convenient to parameterize the spatial components of p_i with spherical coordinates, using ⃗p_k as polar axis, e.g. d^{D−1}p_i = |⃗p_i|^{D−2} d |⃗p_i| dθ_1 sin^{D−3} θ_1dΩ^{(i)}_{D−2} . (4.8) We therefore have 2⃗p_i⃗p_k = 2 |⃗p_i| |⃗p_k| cos θ_1 . (4.9) Finally we obtain the three-particle phase space as the product of a two-particle phase space and a dipole phase space: ∫ dϕ_3(P → p_i, p_j, p_k) = ∫ dϕ_2(P → p̃_{ij} , p̃_k)dϕ_{dipole}(2p_ip_j, 2p_jp_k, 2p_ip_k, Ω^{(i)}_{D−2}) , (4.10) where

dϕ_{dipole}(2p_ip_j , 2p_jp_k, 2p_ip_k) = (2π)^{1−D}

2π^D2^{−1} Γ (_D 2 −1 ) 1 4 (( P^2 − m^2_i − m^2_k

)_2 − 4m^2_i m^2_k ) 3−D_2 × × ∫ d(2p_ip_j)d(2p_jp_k)d(2p_ip_k) × ×δ ( P^2 − m^2_i − m^2_j − m^2_k −2p_ip_j −2p_j p_k −2p_ip_k ) × × ( −P^2λ ( |⃗p_i|^2, |⃗p_j|^2, |⃗p_k|^2 )) D−4_2 × ×θ ( −λ ( |⃗p_i|^2, |⃗p_j|^2, |⃗p_k|^2 )) . (4.11)

Note that we already performed the angular integration over dΩ^{(i)}_{D−2}. The triangle function λ is defined by

λ(x, y, z) = x^2 + y^2 + z^2 − 2xy − 2yz − 2zx . (4.12)

We further have

|⃗p_i|^2 = 1 4P^2 ( P^2 + m^2_i − m^2_k − m^2_j − 2p_jp_k

)_2

− m^2_i ,

|⃗p_k|^2 = 1 4P^2 ( P^2 − m^2_i + m^2_k − m^2_j − 2p_ip_j

)_2

− m^2_k ,

|⃗p_j |^2 = 1 4P^2 ( P^2 − m^2_i − m^2_k + m^2_j − 2p_ip_k

)_2

− m^2_j (4.13)

so that −P^2λ ( |⃗p_i|^2, |⃗p_j|^2, |⃗p_k|^2 ) = 2p_ip_k2p_ip_j 2p_jp_k − m^2_i (2p_j p_k)^2 − m^2_k (2p_ip_j)^2 − −m^2_j (2p_ip_k)^2 + 4m^2_i m^2_j m^2_k . (4.14)

To find a suitable parametrization of the dipole phase space, we treat the various cases separately. We consider first the case where two particles are massless m_i = m_j = 0. With D = 4 − 2ε the dipole phase space becomes

dϕ_{dipole} = (4π)^{ε−2} Γ (1 − ε) ( P^2 )_{1−ε} (u_0)^{2−2ε} × × ∫_1 0 duu^{1−2ε}(1 − u)^{1−2ε} (1 − u_0u)^{−1+ε}

∫_1 0 dvv^{−ε}(1 − v)^{−ε} , (4.15)

where

u_0 =

P^2 − m^2_k

P^2 , u = 2p_ip_j + 2p_jp_k 2p_ip_k + 2p_ip_j + 2p_jp_k = 2p_ip_j + 2p_jp_k P^2 − m^2_k , v = 2p_ip_j (2p_ip_k + m^2_k) 2p_ip_k (2p_ip_j + 2p_j p_k) = 2p_ip_j (2p_ip_k + m^2_k) 2p_ip_k (P^2 − m^2_k − 2p_ip_k)

. (4.16)

In the case where one mass vanishes (m_j = 0) and the other two are equal (m_i = m_k = m) we obtain

dϕ_{dipole} = (4π)^{ε−2} Γ (1 − ε) ( P^2 )_{1−ε} (r_0)^{2−2ε} 2^{2ε−1} × × ∫_1 0 drr^{1−2ε}(1 − r)^{−ε+1/2} (1 − r_0r)^{−1/2}

∫_1 −1 ds ( 1 − s^2 )_{−ε} , (4.17) with

r_0 = 1 − 4 m^2 P^2 , 2p_ip_j = 1 2 P^2r_0r 1 − s √ r_0(1 − r) 1 − r_0r ,

2p_jp_k = 1 2 P^2r_0r 1 + s √ r_0(1 − r) 1 − r_0r

. (4.18)

4.2 Phase space involving initial state particles If initial state particles are involved, we obtain the following convolution:

dϕ(p_a + p_b → K + p_k + p_i) =

∫_1 0 dxdϕ(p̃_a + p_b → K + p̃_k)dϕ_{dipole} , (4.19)

with p̃_a = xp_a . (4.20) In the case m_a = m_i = 0 we obtain

dϕ_{dipole} = (4π)^{ε−2} Γ(1 − ε) ( −P^2 )_{1−ε} x^{ε−1}_0 x^{−1+ε}(1 − x)^{1−2ε}(1 − x_0x)^{−1+ε}

∫_1 0 dww^{−ε}(1 − w)^{−ε} (4.21) with P = p_k + p_i − p_a and

x_0 = −P^2 m^2_k − P^2 , x = 2p_ap_i + 2p_ap_k − 2p_ip_k

2p_ap_i + 2p_ap_k , w = 2p_ap_i (2p_ip_k + m^2_k) 2p_ip_k (2p_ap_i + 2p_ap_k)

. (4.22)

Eq. (4.19) and eq. (4.21) are derived as follows: From the factorization of phase space we have

dϕ(p_a + p_b → K + p_k + p_i) = 1 2π dϕ(p_a + p_b → K + Q)dm^2_Qdϕ(Q → p_i + p_k) . (4.23)

We then derive

dϕ(p_a + p_b → K + Q) = xdϕ(p̃_a + p_b → K + p̃_k) . (4.24)

This equation can be obtained by writing out the explicit expressions for the phase space measures in the rest frame of p_a + p_b and p̃_a + p_b, respectively. These two frames are related by a boost. Further, since p̃_a = xp_a, the boost does not affect the transverse components. Next, one writes out the parameterization for dϕ(Q → p_i + p_k) in terms of solid angles of particle p_k, singles out one angle θ_1 = ∠(p_k, p_a) and replaces the integrations over dm^2_Qd cos θ_1 by integrations over dxdw.

5. The dipole terms for final-state singularities with no initialstate partons

In this section we give the dipole factors corresponding to the case where all relevant partons are in the final state. Initial-state partons are considered in the next section. We distinguish the cases of (i) a massless emitter and massive spectator, (ii) a massive emitter and a massless spectator and (iii) a massive emitter and a massive spectator of equal mass. We follow closely the notation of Catani and Seymour [15].

The generic form of the dipole terms is given by D_{ij,k} = − 1 2p_i · p_j ⟨1, . . . , ~(ij), . . . , k̃, . . . | T_k · T_{ij}

T^2_{ij} V_{ij,k}|1, . . . , ~(ij), . . . , k̃, . . .⟩ . (5.1) The explicit forms of the functions V_{ij,k} are given below.

5.1 Massless final emitter, massive final spectator We consider first the case of massless emitter (particle i) and a massive spectator (particle k), both in the final state. The variables y and z of Catani and Seymour are given by y = 2p_ip_j 2p_ip_j + 2p_jp_k + 2p_ip_k , z = 2p_ip_k 2p_ip_k + 2p_jp_k

(5.2)

and related to the variables u and v as follows:

y = u_0v u(1 − u) 1 − u_0u

, u_0 = 1 − m^2_k (p_i + p_j + p_k)^2 z(1 − y) = 1 − u . (5.3)

In the collinear limit eq. (2.14) we have y → 0, z → ẑ (5.4) and in the soft limit p_j → 0 y → 0 , z → 1 . (5.5) The subtraction term for the splitting g → gg has in addition to match the soft limit p_i → 0, corresponding to y → 0, z → 0.

As subtraction terms we use ⟨s|V_{qigj ,k}|s^′⟩ = 8πμ^{2ε}α_sC_F δ_{ss}′ [ 2z(1 − y) 1 − z(1 − y) + (1 − ρε)(1 − z(1 − y)) ] , ⟨μ|V_{qiq̄j ,k}|ν⟩ = 8πμ^{2ε}α_sT_R [ −g^{μν} − 4 2p_ip_j S^{μν} ] , ⟨μ|V_{gigj ,k}|ν⟩ = 16πμ^{2ε}α_sC_A [ −g^{μν} ( z(1 − y) 1 − z(1 − y) + (1 − z)(1 − y) 1 − (1 − z)(1 − y) ) + +(1 − ρε) 2 2p_ip_j S^{μν} ] , (5.6) where the spin correlation tensor is given by

S^{μν} = (z(1 − y)p^μ_i − (1 − z(1 − y))p^μ_j )(z(1 − y)p^ν_i − (1 − z(1 − y))p^ν_j ) . (5.7)

The momenta are mapped as follows:

p̃_i = ap_i + bp_j + cp_k , p̃_k = (1 − a)p_i + (1 − b)p_j + (1 − c)p_k , (5.8)

with c = yu_0 (2u − 1 − y(1 − u))^2u_0 + 4u(1 − u)y ( 2u(1 − u) − N √ 1 − v ) , b = 1 N { u + c yu_0 [ −2yu − u_0 ( (1 − 2u − u^2)y + 1 − 3u + 2u^2 )] } , a = 1 N { 1 − u − c yu_0 [ 2y(1 − u) − u_0 ( (1 − u)y^2 + (1 − u + u^2)y + u − 2u^2 )]} , N = u^2 + (1 − u)^2 + (1 − u)y . (5.9)

This mapping satisfies momentum conservation

p̃_i + p̃_k = p_i + p_j + p_k , (5.10)

and the on-shell conditions

p̃^2_i = 0 , p̃^2_k = m^2_k . (5.11)

In the limit y → 0 we have

lim_{y→0} p̃_i = p_i + p_j , lim_{y→0} p̃_k = p_k . (5.12)

In addition we have S_{μν}p̃^ν_i = 0 , (5.13) e.g. p̃_i is orthogonal to the spin correlation tensor. The integral over the spin correlation can be written as ∫ dϕ_{dipole} −2 (2p_ip_j)^2

S^{μν} = C_{21}p̃^μ_i p̃^ν_i + C_{22}p̃^μ_kp̃^ν_k + C_{23} (p̃^μ_i p̃^ν_k + p̃^μ_kp̃^ν_i ) + C_{24}g^{μν} . (5.14)

Using S_{μν}p̃^ν_i = 0 and p̃^2_i = 0 this reduces to

C_{21}p̃^μ_i p̃^ν_i − C_{24} ( −g^{μν} + 2 p̃^μ_i p̃^ν_k + p̃^μ_kp̃^ν_i 2p̃_ip̃_k ) . (5.15)

Due to gauge invariance only the term −C_{24}(−g^{μν} ) will give a non-vanishing contribution. C_{24} is obtained by contracting with g_{μν} :

C_{24} = 1 2(1 − ρε) ∫ dϕ_{dipole} −2 (2p_ip_j )^2 g_{μν} S^{μν} . (5.16)

Integration of the subtraction terms yields: V_{qigj ,k} = ∫ dϕ_{dipole} 1 2p_ip_j V_{qigj ,k} = α_s 2π 1 Γ(1 − ε) ( 4πμ^2P^2 (P^2 − m^2_k)^2 )_ε V_{qg}(u_0, ε) ,

V_{qg}(u_0, ε) = C_F δ_{ss}′ ∫_1 0 du ∫_1 0 dvu^{−2ε}(1 − u)^{−2ε}(1 − u_0u)^εv^{−1−ε} × × (1 − v)^{−ε} [ 2 1 − u u + (1 − ρε)u ]

= C_F δ_{ss}′ Γ(−ε)Γ(1 − ε) Γ(1 − 2ε)

Γ(2−2ε) [ 2 Γ(−2ε) Γ(2 − 4ε)^2

F_1(−ε, −2ε; 2 − 4ε; u_0)+ +(1 − ρε) Γ(1 − 2ε) Γ(3 − 4ε)^2

F_1(−ε, 2 − 2ε; 3 − 4ε; u_0) ]

= C_F δ_{ss}′ [ 1 ε^2 + 3 2ε + 17 4 + 1 2 ρ − 5 6 π^2 + 1 2u_0 + + 1 2 (1 − u_0)(1 − 3u_0) u^2_0 ln(1 − u_0) + 2Li_2(u_0) ] + O(ε), V_{qiq̄j ,k} = ∫ dϕ_{dipole} 1 2p_ip_j V_{qiq̄j ,k} = α_s 2π 1 Γ(1 − ε) ( 4πμ^2P^2 (P^2 − m^2_k)^2 )_ε V_{qq̄}(u_0, ε) ,

V_{qq̄}(u_0, ε) =

∫_1 0 du ∫_1 0 dvu^{−2ε}(1 − u)^{−2ε}(1 − u_0u)^εv^{−1−ε} × × (1 − v)^{−ε}T_R [ −g^{μν} − 4 2p_ip_j S^{μν} ]

= T_R(−g^{μν} )

Γ(−ε)Γ(1 − ε)

Γ(1 − 2ε) [ Γ(1 − 2ε)^2 Γ(2 − 4ε)^2

F_1(−ε, 1 − 2ε, 2 − 4ε, u_0) − 2 1 − ρε Γ(2 − 2ε)^2 Γ(4 − 4ε)^2

F_1(−ε, 2 − 2ε, 4 − 4ε, u_0) ] + gauge terms

= T_R(−g^{μν} ) [ − 2 3ε − 13 6 + 1 3 ρ + 2 3 (1 − u_0)

u^2_0 + + 1 3 (1 − u_0)

u^3_0 ( 2u^2_0 − u_0 + 2 ) ln(1 − u_0) ] + +gauge terms + O(ε) , V_{gigj ,k} = ∫ dϕ_{dipole} 1 2p_ip_j V_{gigj ,k} = α_s 2π 1 Γ(1 − ε) ( 4πμ^2P^2 (P^2 − m^2_k)^2 )_ε V_{gg}(u_0, ε) ,

V_{gg}(u_0, ε) = 2C_A

∫_1 0 du ∫_1 0 dvu^{−2ε}(1 − u)^{−2ε}(1 − u_0u)^εv^{−1−ε}(1 − v)^{−ε} × × [ −g^{μν} ( 1 − u u + u 1−u − u (1−u) u_0v (1−u_0u(1−v)) ) + + (1 − ρε) 2 2p_ip_j S^{μν} ]

= 2C_A(−g^{μν} )

Γ(−ε)Γ(1 − ε) Γ(1 − 2ε) [ Γ(−2ε)Γ(2 − 2ε) Γ(2 − 4ε) ( 2F_1(−ε, −2ε, 2−4ε, u_0)+ +_2F_1(−ε, 2 − 2ε, 2 − 4ε, u_0) ) + + Γ(2 − 2ε)^2 Γ(4 − 4ε)^2

F_1(−ε, 2 − 2ε, 4 − 4ε, u_0) ] + +2C_A(−g^{μν} )(−u_0)

Γ(1 − ε)Γ(−2ε) Γ(−ε) × × ∞∑ n=0 ∞∑ m=0 Γ(n + 1 − ε) Γ(n + 2 −2ε)

Γ(m + n + 2 −2ε) Γ(m + n + 2 −4ε) Γ(m − ε) m! u^{n+m}_0 + gauge terms

= 2C_A(−g^{μν} ) [ 1 ε^2 + 11 6 1 ε − 5 6 π^2 + 67 12 − 1 3 (1 − u_0)

u^2_0

+ 2 Li_2(u_0)+ − 1 6 ( (1 − u_0) u^3_0

(2 − u_0) + 11

(1 − u_0)

u_0 ) ln(1 − u_0) ]

+gauge terms + O(ε) . (5.17)

5.2 Massive final emitter, massless final spectator We now consider the case of a massive emitter (particle k) and a massless spectator (particle i). It is sufficient to consider the case where a heavy quark (or antiquark) emits a gluon. We now have y = 2p_jp_k 2p_ip_j + 2p_jp_k + 2p_ip_k , z = 2p_ip_k 2p_ip_k + 2p_ip_j

(5.18) and y = u ( 1 − (1 − u)u_0 1 − u_0u v ) , u_0 = 1 − m^2_k (p_i + p_j + p_k)^2 z(1 − y) = 1 − u . (5.19)

The momenta are mapped as follows:

emitter : p̃_k = p_k + p_j − y 1 − y p_i , spectator : p̃_i = 1 1 − y p_i . (5.20)

Since there is no collinear singularity, we just have to match the part of the soft singularity which corresponds to this dipole factor: ⟨s|V_{qkgj ,i}|s^′⟩ = 8πμ^{2ε}α_sC_F δ_{ss}′ [ 2z(1 − y) 1 − z(1 − y) − 2 ( 1 − u_0

u_0 ) 1 y ] . (5.21)

With v_0 = u_0(1 − u) 1 − u_0u

(5.22) we obtain for the integral over the dipole phase space V_{qkgj ,i} = ∫ dϕ_{dipole} 1 2p_jp_k V_{qkgj ,i} = α_s 2π 1 Γ(1 − ε) ( 4πμ^2P^2 (P^2 − m_k)^2 )_ε V_{Qg}(u_0, ε) , V_{Qg}(u_0, ε) = C_F δ_{ss}′ · 2

∫_1 0 du ∫_1 0 dvu^{−2ε−1}(1 − u)^{1−2ε}(1 − u_0u)^{ε−1}v^{−ε}(1 − v)^{−ε} × × (1 − v_0v)^{−1} [ u_0(1 − u) − (1 − u_0)(1 − v_0v)^{−1} ] = C_F δ_{ss}′ · 2Γ(1 − ε) ∞∑ n=0 ∞∑ m=0 Γ(m − 2ε)Γ(n + m + 1 − ε) Γ(n + m + 2 − 4ε) × × ( n + 2 − 2ε n + m + 2 − 4ε u_0 − (n + 1)(1 − u_0) ) u^{n+m}_0 m! = C_F δ_{ss}′ [ 1 ε (1 + ln(1 − u_0)) + 4 + ln(1 − u_0) −

− 4Li_2(u_0) − 1 2 ln^2(1 − u_0) ] + O(ε) . (5.23)

Here we used ∞∑ i_1=2 i_1−1∑

i_2=1

u^{i1}_0 i_1 1 i_2

= Li_{1,1}(1, u_0) = H_{11}(u_0) = 1 2 ln^2(1 − u_0) , ∞∑ i_1=2 i_1−1∑

i_2=1

u^{i1}_0 1 i_2

= Li_{1,0}(1, u_0) = − u_0 1 − u_0 ln(1 − u_0) . (5.24)

5.3 Massive final emitter and massive final spectator of equal mass We now consider the case of a massive emitter (particle i) and a massive spectator (particle k) of equal mass (m_i = m_k = m). It is sufficient to consider the case where a heavy quark (or antiquark) emits a gluon. Since there is no collinear singularity, we just have to match the part of the soft singularity which corresponds to this dipole factor: ⟨s|V_{qigj ,k}|s^′⟩ = (5.25) = 8πμ^{2ε}α_sC_F δ_{ss}′ √ (2p_ip_j + 2p_jp_k + 2p_ip_k)^2 − (2m^2)^2 (2p_ip_k)^2 − (2m^2)^2 [ 2 2p_ip_k 2p_ip_j + 2p_jp_k − 2 m^2 2p_ip_j ]

= 8πμ^{2ε}α_sC_F δ_{ss}′ 1 r_0r √ (1 − r)(1 − r_0r) [ 2(1 − r_0r) − (1 − r_0) −

1 − r_0 1 − s_0s ] , where r = 2p_ip_j + 2p_jp_k 2p_ip_j + 2p_jp_k + 2p_ip_k − 2m^2 , s = − 1 s_0 2p_ip_j − 2p_jp_k 2p_ip_j + 2p_jp_k , s_0 = √ r_0(1 − r) 1 − r_0r

, r_0 = 1 −

4m^2 (p_i + p_j + p_k)^2

. (5.26)

The singularity occurs for r → 0. In this limit, the expression in the square root tends to 1. The inclusion of the square root term facilitates the analytic integration of the dipole term. The momenta are mapped as follows:

p̃_i = 1 2 P − √ r_0 y^2_0 − (1 − r_0) ( p_k − y_0 2 P ) , p̃_k = 1 2 P + √ r_0 y^2_0 − (1 − r_0) ( p_k − y_0 2 P ) , (5.27)

with P = p_i + p_j + p_k and

y_0 =

2p_ip_k + 2p_jp_k + 2m^2 P^2

. (5.28)

This mapping satisfies the on-shell conditions p̃^2_i = p̃^2_k = m^2. In the soft limit y_0 tends to 1 and the correct asymptotic behaviour of the mapping is easily verified. Integration yields: V_{qigj ,k} = ∫ dϕ_{dipole} 1 2p_ip_j V_{qigj ,k} = α_s 2π 1 Γ(1 − ε) ( 4πμ^2 P^2 )_ε V_{QQ}(r_0, ε) ,

V_{QQ}(r_0, ε) = r^{−2ε}_0 2^{2ε}

∫_1 0 drr^{−2ε−1}(1 − r)^{−ε}(1 − r_0r)^{−1} ∫_1 −1 ds(1 − s^2)^{−ε} × ×C_F δ_{ss}′ [ (2(1 − r_0r) − (1 − r_0)) (1 − s_0s)^{−1} − (1 − r_0)(1 − s_0s)^{−2} ] = C_F δ_{ss}′ 1 1 − ε 2^{2ε}r^{−2ε}_0 ∞∑ i=0 ∞∑ j=0 ∞∑ k=0 (−1)^i ( 1 + (−1)^j ) r^{k+j/2} 0 × × Γ(1 + i + j)Γ(2 − ε) Γ(2 + i + j − ε)

Γ(i + ε) Γ(ε)i! Γ(k + j/2)Γ(k − 2ε)Γ(1 + j/2 − ε) Γ(j/2)Γ(k + j/2 + 1 − 3ε)k! × × [ 2 − (1 − r_0)(2 + j) j + 2k j ]

= C_F δ_{ss}′ { 1 ε ( 1 − 1 2 1 + r_0 √ r_0 ln 1 + √ r_0 1 − √ r_0 ) − 2 ln r_0 + ln(1 − r_0) −

− ln^2 ( 1 + √ r_0 1 − √ r_0 ) + 1 √ r_0 ln ( 1 + √ r_0 1 − √ r_0 ) − − 1+r_0 2 √ r_0 ( Li_2 ( √ r_0) − Li_2 (− √ r_0) + Li_2 ( 1 + √ r_0 2 ) − − Li_2 ( 1 − √ r_0 2 ) + Li_2 (√ r_0 − 1 2 √ r_0 ) − − Li_2 (√ r_0 − 1 √ r_0 ) + Li_2 ( 1 1 + √ r_0 ) −

− Li_2 ( 1 − √ r_0 1 + √ r_0 ) − 2 ln r_0 ln ( 1 + √ r_0 1 − √ r_0 ) + + ln 2 ln √ r_0 1− √ r_0 + 1 2 ln^22+ln(1− √ r_0) ln ( 1+ √ r_0 √ r_0 ) + + ln^2(1 + √ r_0) − ln^2(1 − √ r_0) )} + O(ε) . (5.29)

Here we used ∞∑ i_1=2 i_1−1∑

i_2=1

x^{i1}_1 i_1 x^{i2}_2 i_2

= Li_{1,1}(x_2, x_1)

= ln(1 − x_1) ln(1 − x_2) + Li_2 ( − x_2 1 − x_2 ) − Li_2 ( − x_2(1 − x_1) 1 − x_2 )

= − 1 2 ln^2 (1 − x_1x_2) + ln (x_2(1 − x_1)) ln(1 − x_1x_2) −

−Li_2 ( 1 − x_2 1 − x_1x_2 ) + Li_2 (1 − x_2) , ∞∑ i_1=2 i_1−1∑

i_2=1

x^{i1}_1 x^{i2}_2 i_2

= Li_{1,0}(x_2, x_1) = − x_1 1 − x_1 ln(1 − x_1x_2) , ∞∑ i_1=2 i_1−1∑

i_2=1

x^{i1}_1 i_1 x^{i2}_2 = Li_{0,1}(x_2, x_1) = 1 1 − x_2 ln(1 − x_1x_2) − x_2 1 − x_2 ln(1 − x_1) . (5.30)

6. The dipole terms with initial-state partons

In this section we consider initial-state partons. We distinguish the cases of (i) a massless emitter in the initial state and massive spectator in the final state, (ii) a massive emitter in the final state and a massless spectator in the initial state. The generic form of the dipole terms for case (i) is given by D^{ai}_k = − 1 2p_a · p_i 1 x ⟨1, . . . , ~(ai), . . . , k̃, . . . | T_k · T_{ai}

T^2_{ai} V^{ai}_k |1, . . . , ~(ai), . . . , k̃, . . .⟩ . (6.1) In the case (ii) we have D^a_{ki} = − 1 2p_i · p_k 1 x ⟨1, . . . , ~(ki), . . . , ã, . . . | T_a · T_{ki}

T^2_{ki} V^a_{ki}|1, . . . , ~(ki), . . . , ã, . . .⟩ . (6.2) The explicit forms of the functions V^{ai}_k and V^a_{ki} are given below.

6.1 Massless initial emitter, massive final spectator

We now consider the case of a massless emitter (particle a) in the initial state and a massive spectator (particle k) in the final state. The variables u and x of Catani and Seymour are given by u = 2p_ip_a 2p_ip_a + 2p_kp_a , x = 2p_ip_a + 2p_kp_a − 2p_ip_k 2p_ip_a + 2p_kp_a

. (6.3)

The variables u and w are related by u = 1 − x 1 − x_0x w , x_0 = 1 − m^2_k m^2_k − (p_k + p_i − p_a)^2

. (6.4)

As subtraction terms we use ⟨s|V^{qagi}_k |s^′⟩ = 8πμ^{2ε}α_sC_F δ_{ss}′ [ 2 1 − x + u − (1 + x) − ρε(1 − x) ] , ⟨s|V^{gaq̄i}_k |s^′⟩ = 8πμ^{2ε}α_sT_Rδ_{ss}′ [1 − ρε − 2x(1 − x)] , ⟨μ|V^{qaqi}_k |ν⟩ = 8πμ^{2ε}α_sC_F [ −g^{μν} x + 4 (1 − x) x r(1 − r) 2p_iq S^{μν} ] , ⟨μ|V^{gagi}_k |ν⟩ = 16πμ^{2ε}α_sC_A [ −g^{μν} ( 1 1 − x + u − 1 + x(1 − x) ) + +2(1 − ρε)

(1 − x) x r(1 − r) 2p_iq S^{μν} ] , (6.5)

with S^{μν} = ( 1 r p^μ_i − 1 1 − r q^μ ) ( 1 r p^ν_i − 1 1 − r q^ν ) . (6.6)

Here q is an arbitrary null vector not equal to p_i and r = 2p_ip_a 2p_ip_a + 2qp_a

. (6.7)

The momenta are mapped as follows:

p̃_a = xp_a , p̃_k = p_k + p_i − (1 − x)p_a . (6.8)

This mapping satisfies momentum conservation

p̃_k − p̃_a = p_k + p_i − p_a , (6.9)

and the on-shell conditions

p̃^2_a = 0 , p̃^2_k = m^2_k . (6.10)

The desired asymptotic behaviour

lim_{u→0} p̃_a = xp_a , lim_{u→0} p̃_k = p_k (6.11) is fulfilled. In addition we have S_{μν}p̃^ν_a = 0 , (6.12) e.g. p̃_a is orthogonal to the spin correlation tensor. We start with the integration of V^{qagi}_k . We obtain V^{qagi}_k = ∫ dϕ_{dipole} 1 2p_ip_a V^{qagi}_k = α_s 2π 1 Γ(1 − ε) ( 4πμ^2 m^2_k − P^2 )_ε V^{qq}(x, x_0, ε), V^{qq}(x, x_0, ε) = x^ε(1 − x)^{−2ε}(1 − x_0x)^ε

∫_1 0 dww^{−ε−1}(1 − w)^{−ε} × ×C_F δ_{ss}′ [ 2 1 − x + u − (1 + x) − ρε(1 − x) ]

= C_F δ_{ss}′ x^ε(1 − x)^{−2ε}(1 − x_0x)^ε

Γ(−ε)Γ(1 − ε) Γ(1 − 2ε)

× (6.13) × ( 2 1 − x^2

F_1 ( 1, −ε; 1 − 2ε; −1 1 − x_0x ) − (1 + x) − ρε(1 − x) ) . V^{qq} is a distribution in x. In order to obtain expressions which are integrable at x = 1 we rewrite

(1 − x)^{−2ε−1} = (1 − x)^{−2ε−1} | |_+ + δ(1 − x)

∫_1 0 dy(1 − y)^{−2ε−1} , (6.14)

where (1 − x)^{−2ε−1} | |_+ = 1 1 − x | | | + − 2ε ln(1 − x) 1 − x | | | + + O(ε^2) . (6.15)

In order to expand the hypergeometric function we use the analytical continuation formula [29] 2F_1(a, b; c; −x) = (x)^{−a} Γ(c)Γ(b − a) Γ(b)Γ(c − a)^2

F_1 ( a, 1 + a − c; 1 + a − b; − 1 x )

+ (x)^{−b} Γ(c)Γ(a − b) Γ(a)Γ(c − b)^2

F_1 ( b, 1 + b − c; 1 + b − a; − 1 x ) , |argx| < π. (6.16) We obtain V^{qq}(x, x_0, ε) = C_F δ_{ss}′ [ − 1 ε ( 2 1 − x | | | |_+ − (1 + x) ) + ρ(1 − x) +

+ δ(1 − x) ( 1 ε^2 + 1 ε ln(2−x_0) + π^2 6 + 2 ln(1−x_0) ln(2−x_0) +

+ 2Li_2(x_0 − 1) − 1 2 ln^2(2 − x_0) ) − − 2 (ln x + ln(2 − x_0x)) ( 1 1 − x | | | + ) + 4 ln(1 − x) 1 − x | | | + + + (1 + x) (ln x − 2 ln(1 − x) + ln(1 − x_0x)) ] + O(ε) . (6.17)

For the integration of the other dipole terms we proceed in a similar way and we obtain V^{gaq̄i}_k = ∫ dϕ_{dipole} 1 2p_ip_a n_s(q) n_s(g) V^{gaq̄i}_k = α_s 2π 1 Γ(1 − ε) ( 4πμ^2 m^2_k − P^2 )_ε V^{gq}(x, x_0, ε),

V^{gq}(x, x_0, ε) = x^ε(1 − x)^{−2ε}(1 − x_0x)^ε

∫_1 0 dww^{−ε−1}(1 − w)^{−ε}T_Rδ_{ss}′ 1 − ρε −2x(1−x) 1 − ρε = T_Rδ_{ss}′ x^ε(1 − x)^{−2ε}(1 − x_0x)^ε

Γ(−ε)Γ(1 − ε) Γ(1 − 2ε) 1 − ρε − 2x(1 − x) 1 − ρε = T_Rδ_{ss}′ [ − 1 ε ( x^2 + (1 − x)^2 ) + 2ρx(1 − x) − − ( x^2 + (1 − x)^2 ) ( ln x −2 ln(1 − x) + ln(1 − x_0x) )] + O(ε) , V^{qaqi}_k = ∫ dϕ_{dipole} 1 2p_ip_a n_s(g) n_s(q) V^{qaqi}_k = α_s 2π 1 Γ(1 − ε) ( 4πμ^2 m^2_k − P^2 )_ε V^{qg}(x, x_0, ε),

V^{qg}(x, x_0, ε) = x^ε(1 − x)^{−2ε}(1 − x_0x)^ε

∫_1 0 dww^{−ε−1}(1 − w)^{−ε} × ×C_F [ −g^{μν} x + 4 1 − x x r(1 − r) 2p_iq S^{μν} ] (1 − ρε) = C_F (−g^{μν} )

Γ(−ε)Γ(1 − ε) Γ(1 − 2ε) x^ε(1 − x)^{−2ε}(1 − x_0x)^ε × × ( x + 2 1 − ρε 1 − x x ) (1 − ρε) + gauge terms

= C_F (−g^{μν} ) [ − 1 ε ( x + 2 1 − x x ) + ρx − − ( x + 2 1 − x x ) ( ln x − 2 ln(1 − x) + ln(1 − x_0x) )] + + gauge terms + O(ε) , V^{gagi}_k = ∫ dϕ_{dipole} 1 2p_ip_a V^{gagi}_k = α_s 2π 1 Γ(1 − ε) ( 4πμ^2 m^2_k − P^2 )_ε V^{gg}(x, x_0, ε),

V^{gg}(x, x_0, ε) = x^ε(1 − x)^{−2ε}(1 − x_0x)^ε

∫_1 0 dww^{−ε−1}(1 − w)^{−ε} × ×C_A [ −g^{μν} ( 1 1−x+u − 1 + x −x^2 ) + 2(1 − ρε) 1 − x x r(1 − r) 2p_iq S^{μν} ]

= 2C_A (−g^{μν} ) x^ε(1 − x)^{−2ε}(1 − x_0x)^ε

Γ(−ε)Γ(1 − ε) Γ(1 − 2ε) × × [ 1 1 − x^2

F_1 ( 1, −ε; 1 − 2ε; −1 1 − x_0x ) − 1 + x − x^2 + 1 − x x ] + + gauge terms

= 2C_A (−g^{μν} ) [ − 1 ε 1 1 − x | | | |_+ − (ln x + ln(2 − x^0x)) ( 1 1 − x | | | |_+ ) + + 2 ln(1−x) 1−x | | |_+ + ( 1 ε + ln x−2 ln(1−x) + ln(1−x_0x) ) × × ( 1 − x + x^2 − 1 − x x ) + + δ(1 − x) ( 1 2ε^2 + π^2 12 + 1 2ε ln(2 − x_0)+ (6.18)

+ ln(1 − x_0) ln(2 − x_0) + Li_2(x_0 − 1) − − 1 4 ln^2(2 − x_0) )] + gauge terms + O(ε) .

Here n_s(q) = 2 denotes the polarizations of a fermion and n_s(g) = 2(1 − ρε) denotes the polariztions of a gluon. Note that the dependece on the momentum q in V^{qaqi}_k and V^{gagi}_k dropped out after integration.

6.2 Massive final emitter, massless initial spectator

We now consider the case of a massive emitter (particle k) in the final state and a massless spectator (particle a) in the initial state. It is sufficient to consider the case where a heavy quark (or antiquark) emits a gluon. The variables z and x of Catani and Seymour are given by z = 2p_kp_a 2p_ip_a + 2p_kp_a , x = 2p_ip_a + 2p_kp_a − 2p_ip_k 2p_ip_a + 2p_kp_a

. (6.19)

The variables z and w are related by

z = 1 − 1 − x 1 − x_0x

, x_0 = 1 − m^2_k m^2_k − (p_k + p_i − p_a)^2

. (6.20)

Since there is no collinear singularity, we just have to match the part of the soft singularity which corresponds to this dipole factor: ⟨s|V^a_{qkgi} |s^′⟩ = 8πμ^{2ε}α_sC_F δ_{ss}′ [ 2 1 − z + (1 − x)

− 2(1 − x_0) x^2 1 − x ] . (6.21)

We use the same mapping for the momenta as in the previous section:

p̃_a = xp_a , p̃_k = p_k + p_i − (1 − x)p_a . (6.22)

This mapping fulfills the asymptotic behaviour lim 2p_kp_i→0 x = 1 , lim2p_kp_i→0 p̃

k = p_k + p_i , lim_{2pkpi→0} p̃_a = p_a . (6.23)

Integration yields V^a_{qkgi} = ∫ dϕ_{dipole} 1 2p_ip_k V^a_{qkgi} = α_s 2π 1 Γ(1 − ε) ( 4πμ^2 m^2_k − P^2 )_ε V_{Qg}(x, x_0, ε) ,

V_{Qg}(x, x_0, ε) = x^ε(1 − x)^{−2ε}(1 − x_0x)^{ε−1}

∫_1 0 dww^{−ε}(1 − w)^{−ε} × ×C_F [ 2 1 − z + (1 − x)

− 2(1 − x_0) x^2 1 − x ]

= C_F δ_{ss}′ x^ε(1 − x)^{−2ε}(1 − x_0x)^{ε−1}

Γ(1 − ε)^2 Γ(2 − 2ε) × × ( 2 1 − x^2

F_1 ( 1, 1 − ε; 2 − 2ε; −1 1 − x_0x ) − 2(1 − x_0) x^2 1 − x )

= C_F δ_{ss}′ [ δ(1 − x) ( 1 ε ( 1 + ln(1 − x_0) − ln(2 − x_0) ) + 2 − π^2 3 + + ln(1 − x_0) + 1 2 ln^2(1 − x_0) + 1 2 ln^2(2 − x_0) −

− 2 ln(1 − x_0) ln(2 − x_0) − 2Li_2(x_0 − 1) ) + (6.24) +2 ( ln(2 − x_0x) − ln(1 − x_0x) −

(1 − x_0)x^2 1 − x_0x ) ( 1 1 − x | | |_+ )] + O(ε) .

7. Conclusions

In this paper we have extended the dipole formalism to processes involving heavy fermions. We gave the explicit subtraction terms, together with a mapping of the momenta from the (n + 1)-parton configuration to the n-parton configuration. We evaluated the integrals of the subtraction terms over the dipole phase space to order O(ε^0). These ingredients are sufficient to set up numerical NLO programs based on the dipole formalism for processes involving heavy fermions. An application to singletop production is in preparation [30]. Furthermore we used a systematic approach for the integration and subsequent expansion in ε. This method allows us in principle to obtain higher orders in ε. Our results are naturally expressed in terms of harmonic polylogarithms. We are therefore confident that the techniques developed in this paper will prove useful also in the cancellation of infrared singularities at next-to-next-to-leading order (NNLO).

Acknowledgments

We would like to thank E. Laenen for discussions and useful comments on the manuscript.

References

[1] K. Fabricius, I. Schmitt, G. Kramer and G. Schierholz, Higher order perturbative QCD calculation of jet cross-sections in e^+e^− annihilation, Z. Physik C 11 (1981) 315.

[2] W.L. van Neerven and J.A.M. Vermaseren, Radiative corrections to two photon physics, Nucl. Phys. B 238 (1984) 73.

[3] G. Kramer and B. Lampe, Jet cross-sections in e^+e^− annihilation Fortschr. Phys. 37 (1989) 161.

[4] R.K. Ellis, D.A. Ross and A.E. Terrano, The perturbative calculation of jet structure in e^+e^− annihilation, Nucl. Phys. B 178 (1981) 421.

[5] Z. Kunszt and P. Nason, QCD in Z physics at LEP 1, proceedings of the 1989 LEP Physics Workshop, Geneva, G. Altarelli, R. Kleiss and C. Verzegnassi eds., vol. 1, p. 373.

[6] H. Baer, J. Ohnemus and J.F. Owens, A next-to-leading logarithm calculation of jet photoproduction, Phys. Rev. D 40 (1989) 2844.

[7] B.W. Harris and J.F. Owens, The two cutoff phase space slicing method,

hep-ph/0102128.

[8] S.D. Ellis, Z. Kunszt and D.E. Soper, The one jet inclusive cross-section at order α^3_s, 1. Gluons only, Phys. Rev. D 40 (1989) 2188.

[9] S.D. Ellis, Z. Kunszt and D.E. Soper, The one jet inclusive cross-section at order α^3_s quarks and gluons, Phys. Rev. Lett. 64 (1990) 2121.

[10] Z. Kunszt and D.E. Soper, Calculation of jet cross-sections in hadron collisions at order α^3_s, Phys. Rev. D 46 (1992) 192.

[11] W.T. Giele and E.W.N. Glover, Higher order corrections to jet cross-sections in e^+e^− annihilation, Phys. Rev. D 46 (1992) 1980.

[12] W.T. Giele, E.W. N. Glover and D.A. Kosower, Higher order corrections to jet crosssections in hadron colliders, Nucl. Phys. B 403 (1993) 633 [hep-ph/9302225].

[13] S. Keller and E. Laenen, Next-to-leading order cross sections for tagged reactions, Phys. Rev. D 59 (1999) 114004 [hep-ph/9812415].

[14] S. Frixione, Z. Kunszt and A. Signer, Three-jet cross sections to next-to-leading order, Nucl. Phys. B 467 (1996) 399 [hep-ph/9512328].

[15] S. Catani and M.H. Seymour, A general algorithm for calculating jet cross sections in nlo QCD, Nucl. Phys. B 485 (1997) 291 [hep-ph/9605323].

[16] M.L. Mangano, P. Nason and G. Ridolfi, Heavy quark correlations in hadron collisions at next-to-leading order, Nucl. Phys. B 373 (1992) 295.

[17] S. Frixione, M.L. Mangano, P. Nason and G. Ridolfi, Heavy quark correlations in photon-hadron collisions, Nucl. Phys. B 412 (1994) 225 [hep-ph/9306337].

[18] B.W. Harris and J. Smith, Heavy quark correlations in deep inelastic electroproduction, Nucl. Phys. B 452 (1995) 109 [hep-ph/9503484].

[19] B.W. Harris and J.F. Owens, Fully differential heavy quark contributions to the photon structure functions F^γ_2 (x, Q^2) and F^γ_L (x, Q^2) at next-to-leading order QCD, Phys. Rev. D 54 (1996) 2295 [hep-ph/9603305].

[20] S. Dittmaier, A general approach to photon radiation off fermions, Nucl. Phys. B 565 (2000) 69 [hep-ph/9904440].

[21] S. Catani, M.H. Seymour and Z. Trocsanyi, Regularization scheme independence and unitarity in QCD cross sections, Phys. Rev. D 55 (1997) 6819 [hep-ph/9610553].

[22] S. Catani, S. Dittmaier and Z. Trocsanyi, One-loop singular behaviour of QCD and susy QCD amplitudes with massive partons, Phys. Lett. B 500 (2001) 149 [hep-ph/0011222].

[23] A.B. Goncharov, Multiple polylogarithms, cyclotomy and modular complexes, Math.

Res. Lett. 5 (1998) 497, available at http://www.math.uiuc.edu/K-theory/0297. [24] J.M. Borwein, D.M. Bradley, D.J. Broadhurst and P. Lisonek, Special values of multiple polylogarithms, math.CA/9910045.

[25] J.A. M. Vermaseren, Harmonic sums, Mellin transforms and integrals, Int. J. Mod.

Phys. A 14 (1999) 2037 [hep-ph/9806280].

[26] E. Remiddi and J.A. M. Vermaseren, Harmonic polylogarithms, Int. J. Mod. Phys. A 15 (2000) 725 [hep-ph/9905237].

[27] T. Gehrmann and E. Remiddi, Two-loop master integrals for γ^∗ → 3 jets: the planar topologies, hep-ph/0008287.

[28] E. Byckling and K. Kajantie, Particle kinematics, John Wiley and Sons, London 1973. [29] A. Erdélyi, Higher transcedental functions, McGraw-Hill, New York 1953. [30] B.W. Harris, E. Laenen, L. Phaf, Z. Sullivan and S. Weinzierl, in preparation.

Received: August 1, 2001

Erratum

Equation (5.29) in section 5.3 is not correct. It should read: V_{qigj ,k} = ∫ dϕ_{dipole} 1 2p_ip_j V_{qigj ,k} = α_s 2π 1 Γ(1 − ε) ( 4πμ^2 P^2 )_ε V_{QQ}(r_0, ε),

V_{QQ}(r_0, ε) = r^{−2ε}_0 2^{2ε} 1∫ 0 drr^{−2ε−1}(1 − r)^{−ε}(1 − r_0r)^{−1} 1∫ −1 ds(1 − s^2)^{−ε} × × C_F δ_{ss}′ [ (2(1 − r_0r) − (1 − r_0)) (1 − s_0s)^{−1} − (1 − r_0)(1 − s_0s)^{−2} ] = C_F δ_{ss}′ 1 1 − ε 2^{2ε}r^{−2ε}_0 ∞∑ i=0 ∞∑ j=0 ∞∑ k=0 (−1)^i ( 1 + (−1)^j ) r^{k+j/2} 0 × × Γ(1 + i + j)Γ(2 − ε) Γ(2 + i + j − ε)

Γ(i + ε) Γ(ε)i! Γ(k + j/2)Γ(k − 2ε)Γ(1 + j/2 − ε) Γ(j/2)Γ(k + j/2 + 1 − 3ε)k! × × [ 2 − (1 − r_0)(2 + j) j + 2k j ]

= C_F δ_{ss}′ { 1 ε ( 1 − 1 2 1 + r_0 √ r_0 ln 1 + √ r_0 1 − √ r_0 ) − 2 ln r_0−

− ln^2 ( 1 + √ r_0 1 − √ r_0 ) + 1 √ r_0 ln ( 1 + √ r_0 1 − √ r_0 ) − − 1 + r_0 2 √ r_0 ( Li_2 ( √ r_0) − Li_2 (− √ r_0) + 2 Li_2 ( 1 + √ r_0 2 ) − − 2 Li_2 ( 1 − √ r_0 2 ) + Li_2 (√ r_0 − 1 2 √ r_0 ) − − Li_2 (√ r_0 − 1 √ r_0 ) + Li_2 ( 1 1 + √ r_0 ) − − Li_2 ( 1 − √ r_0 1 + √ r_0 ) − 2 ln r_0 ln ( 1 + √ r_0 1 − √ r_0 ) + + ln 2 ln √ r_0 1 + √ r_0 + 1 2 ln^2 2

+ ln(1 − √ r_0) ln ( 1 + √ r_0 √ r_0 )

+ 1 2 ln^2(1 + √ r_0) − 1 2 ln^2(1 − √ r_0) )}

+O(ε).

i